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1 Introduction 

The motivation for our researches was to extend the classical notion of exterior differ- 
ential systems (see: [2,4,5,6]) for Lie algebroids. 

For the first time, we introduced the notion of interior differential system (IDS) 
of a Lie algebroid, and, using the exterior differential calculus for Lie algebroids, (see: 
[3,7]) we establish the structure equations of Maurer-Cartan type and we characterize 
the involutivity of an IDS in a theorem of Cartan type.[l] Finally, using the notion of 
exterior differential system (EDS) of a Lie algebroid, we characterize the involutivity 
of an IDS in a theorem of Cartan type.[l] In particular, we obtain similar results with 
classical results. 
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2 Preliminaries 

In general, if C is a category, then we denoted by |C| the class of objects and for any 
A, i?€ \C\, we denote by C {A, B) the set of morphisms of A source and B target. 

Let Liealg, Mod, and B"^ be the category of Lie algebras, modules and vector 
bundles respectively. 

We know that if {E, tt, M) G |B^| , then (L {E, tt, M) , +, •) is a J" (M)-module. 

In adition, if [E,it,M) G |B"^| such that M is paracompact and if A C M is closed, 
then for any section u over A it exists u £ T (E, it, M) such that i2|^ = u. 

Note: In the following, we consider only vector bundles with paracompact base. 

We know that a Lie algebroid is a vector bundle {F,i',N) G |B"^| such that there 
exists 

(p, Mn) G B- {{F, u, N) , {TN, TN, N)) 

and an operation 

T{F,u,N)xT{F,u,N) ^ T{F,u,N) 
{u,v) I — > [u,v]p, 

with the following properties: 
LAi. the equality holds good 

[u, f ■v]f = f[u,v]p + T {p, IdN) {u) f ■ V, 
for ah u,ver {F, u, N) and / G 7" (N) , 
LA2. the 4-tuple (L {F, u, N) , +, •, [, ]^) is a Lie T (Ar)-algebra, 

LAs. the Mod-morphism T{p,IdN) is a LieAlg-morphism of {T {F,i/,N) 
source and (F {TN, tn, N) , +, •, [, j^jy) target. 

Let ((F,z/,iV),[,]p^,(p,Idiv)) be a Lie algebroid. 

• Locally, for any Q!,;9 G l,p, we set [tajtpjp ^= L'^j^ty. We easily obtain that 
Lip = -L^pa^ for any a, /3, 7 G T^. 

The real local functions Q^j/^iT G will be called the structure functions. 

• We assume that {F, iy,N) is & vector bundle with type fibre the real vector space 
{MP, +, •) and structure group a Lie subgroup of (GL (p, M) , •) .We take (x*, z") as 
canonical local coordinates on {F,u,N), where iel,n, a G l,p. 

Consider 

a change of coordinates on {F, y,N). Then the coordinates z"' change to z°' by the rule: 
(2.1) z"'=AS>. 
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• If z°'ta e r {F, v, N) is arbitrary, then 

(2.2) [r {p, Mn) {z'^to^) f] (x) = [plz-§t) (x) 

for any f e T {N) and x e N. 

The coefficients change to p^. by the rule: 

(2.3) /,= AV — 

where 

, -1 

IIA^II = A" 

II ■'Mil ^'-a 

Remark 2. 1 The following equalities hold good: 
and 

(2.5) L'' . / - . ^ _ J . M 

3 Interior Differential Systems 

Let ((F, i/, AT) , [, ]^ , (/9, Idisr)) be a Lie algebroid. 

Definition 3.1 Any vector subbundle {E,it,N) of the vector bundle {F,v,N) will 
be called interior differential system (IDS) of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)). 
Remark 3.1 If {E,Tr,M) is an IDS of the Lie algebroid 

{{F,u,N),[,]^,{p,IdN)), 

then we obtain a vector subbundle (£''', 7r° , A^) of the dual vector bundle ^F, z^, A'" 
such that 

T{E^,Tr^,N)^= S^neT (^F,u,N^ : O (5) = 0, VS G T (F, tt, Ar)| . 

The vector subbundle (^E^,7t^,N^ will be called the annihilator vector subbundle of 
the IDS {E, TT, N) . 

Proposition 3.1 // (F, tt, AT) is an IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 

such that r(£',7r,A^) = {Si, Sr) , then it exists 0''"'"^, 0^ G T ^F, z/, A"^ linearly 
independent such that T {E°,Tr^,N) = (G'^+^ G^) . 
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Definition 3.2 The IDS {E, tt, N) of the Lie algebroid 

i{F,u,N),[,]p,{p,IdN)) 

will be called involutive if [S, T]^ G T {E, tt, N) , for any S,T eV {E, tt, N) . 
Proposition 3.2 // {E,tt,N) is an IDS of the Lie algebroid 

{iF,u,N),[,]p,{p,rj)) 

and {Si, Sr} is a base for the F {M)-suhmodule {T {E,7r, N) ■) then {E,Tr,N) is 
involutive if and only if [Sa, Sb]p G T [E, tt, N) , for any a, 6 G 1, r. 

4 Exterior differential calculus 

Let {{F, v, N) , {p, Idiy)) be a Lie algebroid. 

We denoted by {F, u, N) the set of differential forms of degree q. If 

A{F,iy,N) = ®Ai{F,iy,N), 

q>0 

then we obtain the exterior differential algebra (A [F, u, N) , +, A) . 
Definition 4.1 For any z eT {F, v, N), the application 

A{F,v,N) A{F,i^,N) , 

defined by 

{f) = [T{p,IdN)z] if), 

for any f E T (N) and 

LzUj{zi,...,Zq) = [r{p,IdN)z] {u{{zi,...,Zg))) 

1 

-H'^ {{Zl, ...,[Z, Zi]p , Zq)) , 
1=1 

for any a; G A^ {F, u, N) and Zi, ...,Zq G F (F, v, N) , is called the covariant Lie derivative 
with respect to the section z. 

Theorem 4.1 // z G F (F, AT) , w g A? (F, v, N) and 9 E JV {F, u, N), then 

(4.1) Lz{uj AO) = L^OJ AO + UJ AL^O. 
Definition 4.2 For any z G F (F, i/, N), the application 

A(F,z/,iV) ^ A{F,u,N) 
Ai (F, u,N)3uj ^ i,uj G A«-i (F, u, N) , 

defined by izf = 0, for any f & F (N) and 

i^UJ {Z2, Zq) = CO {Z, Z2, Zq) , 

for any Z2, ■■■,Zq G F (F, v, N), is called the interior product associated to the section z. 

Theorem 4.2 If zeT (F, z/, N), then for any u e Ai (F, i/, A^) and 9 e A'' (F, N) 
we obtain 

(4.2) iz{uAe) = izUAe + {-iyujAize. 
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Theorem 4.3 For any z,v {F, v, N) we obtain 

(4.3) oi^ - o = . 

Theorem 4.4 The application 

M {F,iy,N) A«+i {F,u,N) 

Lo I — > duj 

defined by 

d^fiz) = Tip,IdN){z)f, 

for any z Er{F, u, N) , and 

<? 

d^U {zq, Zi, Zg) = Yl (-1)' r (p, Mn) Zi {U! {{Zo, Zi, Zi, Zg))) 

i=0 

+ E {-'^y^^ {{[Zi, Zj]p , zo, Zl, Zi, Zj, Zg)) , 
i<j 

for any zq, zi, Zg G T [F, u, N) , is unique with the following property: 

(4.4) L^ = d^ oi^ + i^o d^, G r {F, u, N) . 

This appUcation is called the exterior differentiation operator for the exterior differ- 
ential algebra of the Lie algebroid ((F, z/, A^), [,]f, {Pild]\f))- 

Theorem 4.5 The exterior differentiation operator d^ given by the previous theorem 

has the following properties: 

1. For any w G (F, p, N) and 6* G A"" {F, v, N) we obtain 

(4.5) d^ ^e) = d''u ^0 + {-lfu ^d''e. 

2. For any 2; G F (F, v, N) we obtain 

(4.6) L^od^ = d^ o L,. 

3. d^od^ = 0. 

Theorem 4.6 (of Maurer-Cartan type) 

// {{F,^, N),[,]f, {p, Idpf)) is a Lie algebroid and d^ 
is the exterior differentiation operator for the exterior differential F{N)-algebra 
{K{F,v,N),+,-, K), then we obtain the structure equations of Maurer-Cartan type 

(Ci) = ~L%t^ A t^, a G T;^ 
and 

(C2) d^x' = pi.t'^, i G T^, 

where [t°',a G l,p} is the coframe of the vector bundle {F,u,N). 

This equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the Lie algebroid {{F, u, N) ,[,\p , {p, Idjy)) . 
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Proof. Let a e l,phe arbitrary. Since 

it results that 



(1) ^ ^ =-2^^/37 



,3<7 

Since L^^ = -L^^ and t'^ Af* = - f A t^, for nay ^S, 7 G 1^, it results that 



(2) lJL;^^t'^Ai'r= L^^f 

„fl<7 ^ 

Using the equalities (1) and (2) it results the structure equation (Ci). 
Let i G l,n be arbitrary. Since 

d^x' {to) = va g t;^ 

it results the structure equation (C2). q.e.d. 



Theorem 4.7 (of Cartan type) Let {E, tt, N) be an IDS of the Lie algebroid 

{{F,u,N),[,]^,{p,IdN)). 

If {e'^+\...,eP} is a base for the F {N)-submodule (L (£;0, 7r°, iV) , +, •) , then the 
IDS {E,7r,N) is involutive if and only if it exists 

n'^eA^iF,i^,N), a,per + l,p 

such that 

d^'^e°' = A e'^ G X (r {e\ tt", at) ) . 

Proof. Let {5*1, S*,.} be a base for the F (A^)-submodule (F (£', vr, N) , +, •) 
Let {S'r+i, Sp} G T [F,u,N) such that {iSi, 5^, S'^.+i, 5^} is a base for the 
F (A^)-module 

{T{F,v,N),+,-). 

Let Gi,...,e^ G r|^F,^,ivj such that (e^, e^+\ 6^} is a base for the 
F (Ar)-module 

[t (^F,u,N^ ,+,^. 
For any a, 6 G 1, r and a, /3 G r + we have the equalities: 

Q'^iSb) = St 

en^/s) = 

e-(5b) = 

e-{s^) = 51 

We remark that the set of the 2-forms 

|e" A e^ 6" A e^, a e'^, a, 6 G T;7 a a, ;3 G r + 
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is a base for the T (M)-module (A^ (F, N) ,+,•). 
Therefore, we have 

(1) d^e'* = ^b<cA^c®^ A + ^b,'yB^j&^ A + s^<^c^^g^ a g^, 

where, A^^^B^ and C^^, a, 6, c G l,r, q;,;0,7 e r + l,p are real local functions such 
that A'^^ = -A% and C^^ = -C^^. 
Using the formula 

d^@^{Sb,Sc) =r{p,idN)Sh{&''{Sc))-T{p,idN)Sc{@''{Sb)) 
^' -e"([s,,Se]p), 

we obtain that 

(3) A^, = -G"([5(.,5c]^), 

for any 6, c € 1, r and a € r + 1, p. 

We admit that (£^, tt, A^) is an involutive IDS of the Lie algebroid ((F, i/, N) , [, ]p , (p, IdM)) ■ 
As [56, S'cliT' e r (F, TT, A^) , for any 6, c G 1^, it results that G° ([S^, 5^^) = 0, for 

any 6, c € 1, r and a G r + Therefore, for any 6, c G 1, r and a G r + we obtain 

A° = and 

d^G° = Efe,^5^^G^ A + iC^^Q'^ A QT 
= (s^G'' + iC|^G/^) A QT. 

As 

^= G^ + ^C^^Q^ G Ai (F, z/, N) , 

for any a,/3 G r + it results the first implication. 
Conversely, we admit that it exists 

G Ai(F,z/,Ar), a,^Gr + l,p 

such that 

(4) d^G" = A G^ 
for any a G r + 

Using the affirmations (1) , (2) and (4) we obtain that A^^ = 0, for any 6, c G l,r 
and a G r + 

Using the affirmation (3), we obtain {[Sh, S^p) = 0, for any 6, c G l,r and 
a G r + 

Therefore, we have [Sh, S^p (LT (E, it, N) , for any 6, c G 1, r. Using the Proposition 
3.2.2, we obtain the second implication. q.e.d. 

5 Exterior Differential Systems 

Let {{F, u, N) ,[,]p , {p, Mn)) be a Lie algebroid. 

Definition 5.1 Any ideal (X, +,•) of the exterior differential algebra of the Lie 
algebroid {{F,u,N),[,]p,{p,IdM)) closed under differentiation operator d^ , namely 
d^I C X, is called differential ideal of the Lie algebroid ((F, v, N) ,[,]p , (p, IdM)) ■ 
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Definition 5.2 Let (X, +, ■) be a differential ideal of the Lie algebroid 

i{F,u,N),[,]p,{p,IdM)). 

If it exists an IDS {E, n, N) such that for all A; G N* and a; G X n A*^ (F, N) we 
have CO {ui, Uk) = 0, for any ui, ...,Uk £ L {E, tt, N) , then we will say that (Z, +, •) is 
an exterior differential system (EDS) of the Lie algebroid {{F, N) ,[,]p, {p, Idisf)) . 

Theorem 5.1 (of Cartan type) The IDS {E,-ir,N) of the Lie algebroid 

{{F,iy,N),[,]p,{p,IdN)) 

is involutive, if and only if the ideal generated by the T {N)-submodule (V 7r°, iV) , +, •) 
is an EDS of the Lie algebroid {{F, v, N) ,[,]p , (p, Id^)) ■ 

Proof Let {E, tt, N) be an involutive IDS of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)). 

Let {G^+\ e^} be a base for the T (iV)-submodule (r {E'^, 7r°, N) ,+,•). 
We know that 

x(r(£;o,7r°,iv)) =u,eN{^^aAe", {nr+i,...,np}cAi{F,u,N)}. 

Let g G N and {i^r+i, ^p} C. A? {E, i/, N) be arbitrary. 
Using the Theorems 4-5 and -^.7 we obtain 

= (^d^j]a + (-i)«+^Q^ AO^) Ae°^. 

As 

it results that 

(O^AG^) GX(r(£;0,7rO,Ar)) 

Th6r6for6 

d^x (r (£;o, ttO, AT) ) c X (r (£;o, ttO, AT) ) . 

Conversely, let {E,Tr,N) be an IDS of the Lie algebroid {{F,u,N) ,{p,IdN)) 
such that the JF (A)-submodule (X (L {E^, 7r°, AT)) , +, •) is an EDS of the Lie algebroid 
{{F,u,N),[,]p,{p,IdN)). 

Let {e'^+\ @P} be a base for the T (Ar)-submodule (r (F°, 7r°, A^) ,+,•). As 

d^X(r {E^,Tr^N)) cx(r (£;°,7rO,A)) 

it results that it exists 

n'^eA\E,iy,N), a,Per + l,p 

such that 

^""0" = S/3eF+T;^^^ A G X (r (E^ 7r°, AT)) . 
Using the Theorem ^.7, it results that {E,Tr,N) is an involutive IDS. q.e.d. 
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A theorem of Maurer-Cartan type for Lie algebroids is presented. Suppose that 
<~i ' any vector subbundle of a Lie algebroid is called interior differential system (IDS) 

Qh, for that Lie algebroid. A theorem of Cartan type is obtained. Extending the clas- 

r~| ' sical notion of exterior differential system (EDS) to Lie algebroids, a theorem of 

, Cartan type is obtained. 
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00 

o 

^ 1 Introduction 

Using the exterior differential calculus for Lie algebroids (see: [2, 6]) the structure equa- 
tions of Maurer-Cartan type are established. 

Using the Cartan's moving frame method, there exists the following 
' Theorem (E. Cartan) If N ^ |Man„| is a Riemannian manifold and = X^^, 

a G l,n is an ortonormal moving frame, then there exists a colection of 1- forms 
r^^, a,(3 £l,n uniquely defined by the requirements 

^$ = -^i 

and 

where {0",a G 1,?t.} is the coframe. (see [5] , p. 151) 

We know that an r- dimensional distribution on a manifold is a mapping V defined 
on A^, which assignes to each point a; of an r-dimensional linear subspace of TxN. 
A vector fields X belongs to V if we have Xx £ D^ for each x £ N. When this happens 
we write X eT{V). 

The distribution V on a manifold is said to be difjerentiable if for any x E N 
there exists r differentiable linearly independent vector fields Xi,...,Xr G T (I?) in a 
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neighborhood of x. The distribution X> is said to be involutive if for all vector fields 
X,Y er {V) we have [X, YjeF {V) . 

Extending the notion of distribution we obtain the definition of an IDS of a Lie 
algebroid. A characterization of the ivolutivity of an IDS in a result of Cartan type is 
presented in Theorem 4-7. 

In the classical theory we have the following 

Theorem (Probenius) The distribution V is involutive if and only if for each x e N 
there exists a neighborhood U and n — r linearly independent \- forms B^+^,...,0"' on 
U which vanish on T> and satisfy the condition 

d^e" = E^g^:+i;^f]^ A e^, a G r + l,n. 

for suitable 1-forms il^, q,/3 G r + l,n.(see [4] , p. 58) 

This paper studies the intersection between the geometry of Lie algebroids and some 
aspects of EDS. In the classical sense, an EDS is a pair (M, £) consisting of a smooth 
manifold M and a homogeneous, differentially closed ideal £ C (M) in the algebra 
of smooth differential forms on M. ( sec [1,3]) Using the notion of EDS of an arbitrary 
Lie algebroid ((F, v, N) ,[,]p ,{p, Id]\f)) we obtained a new result of Cartan type in the 
Theorem 5.1. 

In the particular case of standard Lie algebroid [(TM, tm, M) , [, , {IdxM, IdM)] 
there are obtained similar results those for distributions. 

We know that a submanifold 5 of is said to be integral manifold for the dstribution 
V if for every point x E N, coincides with T^S. The distribution T> is said to be 
integrable if for each point x G iV there exists an integral manifold of D containing x. 

As a distribution D is involutive if and only if it is integrable, then the study of the 
integral manifolds of an IDS or EDS is a new direction by research. 

2 Preliminaries 

In general, if C is a category, then we denote \C\ the class of objects and for any A, i?G |C|, 
we denote C {A, B) the set of morphisms of A source and B target. Let Liealg, Mod, and 
B"^ be the category of Lie algebras, modules and vector bundles respectively. 

We know that ff {E, vr, M) ^\W\,T {E, tt, M) = {n G Man {M,E) -.uon = Mm} 
and J" (M) = Man (M, M) , then (L {E, vr, M) , +, •) is a J" (M)-module. Aditionally, if 
{E, TT, M) G |B'^| so that M is paracompact and if yl C M is closed, then for any section 
u over A it exists u G r(£^,7r,M) so that = u. In the following, we consider only 
vector bundles with paracompact base. 

We know that a Lie algebroid is a vector bundle {F, u, N) G |B"^| so that there exists 

{p, Un) G B^ ((F, u, N) , (TAT, Tiv, N)) 

and an operation 

{u,v) I — > [u,v]p 

with the following properties: 
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LAi. the equality holds good 

[u, f ■v]f = f [u, v]p + r (p, IdN) {u) f ■ V, 

for all u,v er{F,u,N) and / G T (N) , 

LA2. the 4-tuple (r (F, ly, N) , +, •, [, ]p) is a Lie 7" (iV)-algebra, 

L743. the Mod-morphism r(p, JdAr) is a LieAlg-morphism of (F {F,u,N) 
source and (F (TiV, tn, N) , +, •, [, J^-jy) target. 



Let ((F,z/,Ar),[,]^ ,(p,7djv)) be a Lie algebroid. 



Locally, for any a,(3 £ l,p, we set [ta,t/)]p = L^j^tj. We easily obtain that L^j^ 



The real local functions ^iPil ^ are called the structure functions. 

• We assume that (F, i/, A^) is a vector bundle with type fibre the real vector space 
(R^, +, •) and structure group a Lie subgroup of (GL (p, M) , •) . We denote (x*, z") 
the canonical local coordinates on {F,i/,N), where iEl,n, a G l,p. 

Consider 

a change of coordinates on {F^i/^N). Then the coordinates change to according 
to the rule: 

(2.1) z"'=A^>. 

• If z°'to, G r {F, v, N) is arbitrary, then 

(2.2) [r {p, Mn) (z'^ta) f] (x) = (piz-§l) (, 

for any / G ^ (N) and x e N. 
The coefficients change to pj^- according to the rule: 

(2.3) oi',= AV — 
where 

l|AS'll = ||A2j|~'. 
The following equalities hold good: 

(2.4) (,.|,)y) = ,.^,V/6^(iV). 

and 

(2.5) . / _ . ^ _ J . M 
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that 



3 Interior Differential Systems 

Let {{F, u, N) ,[,]p , {p, IdN)) be a Lie algebroid. 

Definition 3.1 Any vector subbundle {E,7r,N) of the vector bundle (F, z/, AT) will 
be called interior differential system (IDS) of the Lie algebroid 

i{F,u,N),[,]p,,{p,IdN)). 
Remark 3.1 If {E,7r,M) is an IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)), 
then we obtain a vector subbundle [E*^, tt^, A^) of the dual vector bundle ^F, i/, so 

T{E^,TT^,N)^= !^fleT(j^,u,N^ :fl{S) = 0, V5 € T (F, tt, iV)| . 

The vector subbundle (F^,7r°, A") will be called the annihilator vector subbundle of 
the IDS {E,Tr,N) . 

Proposition 3.1 // {E,it,N) is an IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 

so that r{E,TT,N) = {Si,...,Sr), then it exists e'■+^...,e^' G F (^F,u,N^ linearly 

independent so that T {E^,tt°, N) = (G''+\ G^) . 

Definition 3.2 The IDS {E,'k,N) of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 

will be called involutive if [S, T]p e F {E, tt, AT) , for any S,TeF {E, tt, AT) . 
Proposition 3.2 // {E, tt, N) is an IDS of the Lie algebroid 

((F,z.,Ar),[,]^,(p,r?)) 

and {Si, Sr} is a base of the F {M)-submodule (F {E,tt, N) ,+,■) then {E,7r,N) is 
involutive if and only if [Sa, Sb]p G F [E, vr, A") , for any a, 6 € 1, r. 

4 Exterior differential calculus 

Let {{F, u, N) ,[,]p , {p, Mn)) be a Lie algebroid. 

We denote A'^ (F, v, N) the set of differential forms of degree q. If 

A{F,iy,N)= e A«(F,z/,A^), 

q>0 

then we obtain the exterior differential algebra (A (F, u, N) , +, •, A) . 
Definition 4.1 For any z G F (F, N), the application 

K{F,u,N) A{F,u,N) , 
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defined by 

{f ) = [T{p,IdN)z\ (/), 

for any j ^ (N) and 

L^U {Zi, Zq) = [r (p, IcIn) z] {u {{Zi, Zq))) 

-E<^ - 2;^]^ , 2;^)) , 

i=l 

for any u £ A'^ {F, v, N) and zi, Zq (F, v, N) , is called the covariant Lie derivative 
with respect to the section z. 

Theorem 4.1 If z e T {F,u, N) , u e A" (F, z/, N) and 9 e A" {F, u, N), then 

(4.1) Lz{u AO) = L^u AO + C0 ALz9. 
Definition 4.2 For any z eT {F, u, N), the application 

A (F, u, N) A (F, I/, AT) 

Ai (F, u,N)3oj ^ i^a; G A^-^ (F, z/, AT) , 

defined by izf = 0, for any / G (A^) and 

iz^ {Z2, ■■; Zq) = CO {Z, Z2, Zq) , 

for any Z2, ■■■,Zq £ T (F, v, N), is called the interior product associated to the section z. 

Theorem 4.2 If zeT {F, u, N), then for any a; G A« {F, u, N) and 9 £ {F, N) 

we obtain 

(4.2) iz (lo A9) = izLO A9 + (-1)^ oj A iz9. 
Theorem 4.3 For any z, v G F (F, N) we obtain 

(4.3) Ly oiz - iz o = . 
Theorem 4.4 The application 

Ai {F,iy,N) A^+i {F,iy,N) 

Lo I — > duj 

defined by 

d^f{z)=V{p,IdN){z)f, 

for any z G F (F, N) , and 

Q 

d^U;{zo,Zi,...,Zq) = i-'^Y'^ {P,IdN) Zi{uj{{zo,Zi,...,Zi,...,Zq))) 

i=0 

+ E {-'^T'^^ i^{{[Zi,Zj]p,,Zo,Zi,...,Zi,...,Zj,...,Zq)) , 
i<j 

for any zq, zi, Zq G F (F, v, N) , is unique having the following property: 

(4.4) Lz = d^ oi,+i,o d^, Vz G F (F, N) . 



This application is called the exterior differentiation operator of the exterior differ- 
ential algebra of the Lie algebroid {{F,i',N),[,]p,(p,Id]\f)). 

Theorem 4.5 The exterior differentiation operator d^ given by the previous theorem 
has the following properties: 

1. For any co e {F, v, N) and 9 e {F, v, N) we obtain 

(4.5) d^ {ojAe) = d^ojAe + {-iyLoAd^e. 

2. For any z eT{F, u, N) we obtain 

(4.6) L^od^ = d^ oL,. 

3. d^ od^ = 0. 

Theorem 4.6 (of Maurcr-Cartan type) 

// {{F,v,N),[,]p,{p,Idi\])) is a Lie algebroid and d^ 
is the exterior differentiation operator of the exterior differential F{N)-algebra 
(A(F, I/, iV), +, •, A), then we obtain the structure equations of Maurer-Cartan type 



(Ci) d^f^ = -^L%t^ Af^, ae l,p 



and 

(C2) d^x' = pi.t'^, i G T^, 

where {t",a G is the coframe of the vector bundle {F,u,N) . 

This equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the Lie algebroid {{F,iy,N) ,[,]p , {p,LdN)) ■ 

Proof. Let a G l,p be arbitrary. Since 

d^t^ itp,ty) = -L'^^, v^tgt;^ 

it results that 



(1) a^t- = -2^^h 



Since L^^ = -L^^ and t^ AP = -V A t^, for nay /?, 7 G T^, it results that 



EL^^tf" At'r = h"0^t^ At-^ 
I3<1 



Using the equalities (1) and (2) it results the structure equation (Ci). 
Let z G l,n be arbitrary. Since 

d^'x' (ta) = pi, va G t;^ 

it results the structure equation (C2). q.e.d. 
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Remark 4.1 In the particular case of the standard Lie algebroid 

{{TN, TN, N), [, ]tn, {IdTN.IdN)) 

we obtain 

where {dx*, i G 1, n} is the coframe of the vector bundle {TN,tn, N). 
As d'^^ o (F^ = and L*-^. = 0, for all i, j, k e l,n we obtain 

iC[) d^ {dx') = = -^Likdx^ A c^a;^ i G T~fi 

This equations are the structure equations of Maurer-Cartan type associated to the 
standard Lie algebroid {{TN,tn,N), [,]tn, {IdTN,IdN))- 

Theorem 4.7 (of Cartan type) Let {E, tt, N) be an IDS of the Lie algebroid 

{iF,u,N),[,]^,{p,IdN)). 

If {e''+^,...,eP} is a base of the T (N)-submodule {V {E^,Tr'^, N) ,+, ■) , then the 
IDS {E,Tr,N) is involutive if and only if it exists 

n'^eA\F,iy,N), a,/3Gr + l,p 

so that 

d'^e- = s^eTO^^ A G X (r (E^ 7r°, at)) . 

Proof Let {^i, Sr} be a base of the T (iV)-submodule (L {E, tt, AT) , +, •) 
Let {5^+1, ...,Sp} e T{F,i',N) so that {Si, Sr, Sr+i, ...,Sp} is a base of the J" (A/")- 
module 

{riF,u,N),+,-). 

Let e\ e'' G r (^F, t, so that {e\ e^ e''+^ e^} is a base of the J^(A^)- 
module 

(r (^F,*i^,N^ ,+,^. 

For any a, 6 G 1, r and a, P E r + l,p, we have the equalities: 

@''{Sb) = St 

en^"/?) = 
e"(56) = 
e-{s^) = 51 

We remark that the set of the 2-forms 

{e'^ AG^e'' AG'^,e" AG^^, a,b ^ a, I3 ^T+Y^^ 

is a base of the T (M)-module (A^ [F, u, N) ,+,■). 
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Therefore, we have 

(1) d^e" = ^b<cA^c®'' A + ^b,'yB^^@^ A + s^<^c^^e^ a e^, 

where, A^^, B^^ and C^^, a, 6, c G 1, r, a, /?, 7 G r + l,p are real local functions so that 

Aa — _ Act „„j /^Q _ _ria 
^bc - ^cb "-"/37 - "-"7/3- 

Using the formula 

d^G"(5„,5e) =r(p,/d^)5fe(G"(5e))-r(p,/d^)5e(e"(5„)) 

we obtain that 

(3) A^ = -e-{[Sb,S,]F), 

for any 6, c G 1, r and a G r + 

We admit that {E, tt, N) is an involutive IDS of the Lie algebroid {{F, N) , [, ]^ , (/?, Id^)) ■ 
As [S'b, Sc]^ G r TT, N) , for any 6, c G IT, it results that G" {[Si,, S^]p) = 0, for 

any 5, c G 1, r and a G r + Therefore, for any 6, c G 1, r and a G r + 1, j3, we obtain 

A'^^ = and 

d^G" = S6,^5;f^,G^ A GT + iC^^G^ A GT 
= (b« G^ + iC^"^G^) A G^ 

As 

put ^^^b + 1 c-a^e^ g ^1 ^) ^ 

for any a, /3 G r + 1,]9, it results the first implication. 
Conversely, we admit that it exists 

O^G Ai(F,z/,iV), a,/3 G r + l,p 

so that 

(4) d^G« = S^.^O^ A G^ 
for any a G r + 

Using the affirmations (1) , (2) and (4) we obtain that A'^^ = 0, for any 6, c G l,r 
and a G r + 

Using the affirmation (3), we obtain {[S}„S^p) = 0, for any 6, c G l,r and 
a G r + l,p. 

Therefore, we have [S'b, S^p G F (£', tt, iV) , for any 6, c G 1, r. Using the Proposition 
3.2.2, we obtain the second implication. q.e.d. 



5 Exterior Differential Systems 

Let {{F, u, N) ,[,]p , {p, Idj^)) be a Lie algebroid. 

Definition 5.1 Any ideal (X, +, •) of the exterior differential algebra of the Lie 
algebroid {{F,i',N) ,[,]p ,{p,IdM)) closed under differentiation operator d^ , namely 
d^I C I, is called differential ideal of the Lie algebroid {{F, v, N) ,[,]p ,{p, IdM)) ■ 
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Definition 5.2 Let (X, +, ■) be a differential ideal of the Lie algebroid 

{{F,u,N),[,]j,,{p,IdM)). 

If it exists an IDS (E, vr, N) so that for aU k € W and u G I n A'' {F, N) we have 
oj (ui, Ujfc) = 0, for any ui, 'Ufc G F {E, tt, N) , then we will say that (X, +, •) is an 
exterior differential system (EDS) of the Lie algebroid ((F, u, N) ,[,]p , (p, Mn)) ■ 

Theorem 5.1 (of Cartan type) The IDS {E,'k,N) of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)) 

is involutive, if and only if the ideal generated by the T {N)-submodule (T (^E^, 7r^,N^ , +, •) 
is an EDS of the Lie algebroid {{F, u, N) ,[,]p, {p, IdN)) ■ 

Proof. Let {E, tt, N) be an involutive IDS of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)). 

Let {e''+\ GP} be a base of the J" (iV)-submodule (L {E^, 7r°, N) ,+,•). 
We know that 

X(r(£;0,7rO,Ar)) =UqgN{^^a AG", {nr+i,:;^p} cA'i{F,iy,N)}. 

Let g G N and {i^r+i, ^p} C A"? (F, N) be arbitrary. 
Using the Theorems 4-5 and -^.7 we obtain 

d^(naAG") = d^naAQ'^ + i-iy^^ni^Ad^e^ 
= (d^na + i-iy^^n^An^^ AO"'. 

As 

d^Qa + (-1)^+^ A of G A«+2 {F, ly, N) 

it results that 

(^AG'^) el{r{E\Tr\N)) 

Th6r6for6 

d^X (r 7r°, AT)) C X (r 7r°, AT)) . 

Conversely, let {E,Tr,N) be an IDS of the Lie algebroid {{F,h',N) ,[,]p ,{p,IdN)) 
so that the F (Ar)-submodule (X (L {E^, 7r°, A^)) , +, •) is an EDS of the Lie algebroid 
{{F,i^,N),l]p,{p,IdN)). 

Let (G'^+S &P} be a base of the (Ar)-submodule (r {E°, 7r°, AT) ,+,•). As 

d^X(r (£;°,7rO,Ar)) C X (r (F°,7rO,Ar)) 

it results that it exists 

n'^eA\F,iy,N), a,Per + l,p 

so that 

d^G" = s^eF+T;^n^ A G^ G X (r tt", at)) . 

Using the Theorem ^.7 there results that {E,7r,N) is an involutive IDS. q.e.d. 
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! 1 Introduction 

Using the exterior differential calculus for Lie algebroids (see: [1, 2]) the structure equa- 
tions of Maurer-Cartan type are established. Using the Cartan's moving frame method, 
there exists the following 

Theorem (E. Cartan) If N G |Man„| is a Riemannian manifold and Xq. = X^^-^, 
a G l,n is an ortonormal moving frame, then there exists a colection of 1- forms 
0^, a,l3 € l,n uniquely defined by the requirements 

ni = -ai 

and 

where {0",a G 1,?t.} is the coframe. (see [3] , p. 151) 

We know that an r- dimensional distribution on a manifold A is a mapping V defined 
on N, which assignes to each point x of A an r-dimensional linear subspace of TxN. 
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A vector fields X belongs to V if we have G for each x E N. When this happens 
we write X eT{V). 

The distribution "D on a manifold N is said to be differentiable if for any x E N 
there exists r differentiable linearly independent vector fields Xi,...,Xr G T (V) in a 
neighborhood of x. The distribution V is said to be involutive if for all vector fields 
X,Y er (V) we have [X, YjeT (P) . 

In the classical theory we have the following 

Theorem (Probenius) The distribution V is involutive if and only if for each x E N 
there exists a neighborhood U and n — r linearly independent \- forms G^"*" 0" on 
U which vanish on V and satisfy the condition 

d^e" = ^p^-^Q.^^ Ae^, ae r + l,n. 

for suitable 1-forms O^, a,/? € r + l,n.(see [4] , p. 58) 

Extending the notion of distribution we obtain the definition of an IDS of a Lie 
algebroid. A characterization of the ivolutivity of an IDS in a result of Frobenius type 
is presented in Theorem J^.l. 

This paper studies the intersection between the geometry of Lie algebroids and 
some aspects of EDS. In the classical sense, an EDS is a pair {M,I) consisting of a 
smooth manifold M and a homogeneous, differentially closed ideal I in the algebra of 
smooth differential forms on M. ( see [5,6]) Using the notion of EDS of an arbitrary 
Lie algebroid ((F, v, N) ,[,]p , {p, Id]\f)) we obtained a new result of Cartan type in the 
Theorem 5.1. 

In the particular case of standard Lie algebroid [(TM, tm, M) , [, ]rpj^ , {IdTM, IdM)] 
there are obtained similar results those for distributions. 

We know that a submanifold 5" of is said to be integral manifold for the dstribution 
V if for every point x E N, coincides with T^S. The distribution T> is said to be 
integrable if for each point x (z N there exists an integral manifold of D containing x. 

As a distribution V is involutive if and only if it is integrable, then the study of the 
integral manifolds of an IDS or EDS is a new direction by research. 

2 Preliminaries 

In general, if C is a category, then we denote \C\ the class of objects and for any A, i?€ |C|, 
we denote C {A, B) the set of morphisms of A source and B target. Let Liealg, Mod, and 
B"^ be the category of Lie algebras, modules and vector bundles respectively. 

We know that if {E, vr, M) G |B^| , T {E, vr, M) = {u G Man {M,E) -.uo-k = Idu} 
and 7" (M) = Man (M, M) , then (F {E, vr, M) ,+,■) is aT (M)-module. 

We know that a Lie algebroid is a vector bundle {F, ly, N) G |B'^| so that there exists 

{p, Un) G B- ((F, u, N) , (TAT, Tiv, N)) 

and also an operation 

V{F,y,N)xV{F,u,N) ^ T{F,u,N) 
{u,v) I — > [u,v]j, 

with the following properties: 
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LAi. the equality holds good 

[u, f ■v]f = f [u, v]p + r (p, IdN) {u) f ■ V, 

for all u,v er{F,u,N) and / G T (N) , 

LA2. the 4-tuple (r (F, ly, N) , +, •, [, ]p) is a Lie 7" (iV)-algebra, 

L743. the Mod-morphism r(p, JdAr) is a LieAlg-morphism of (F {F,u,N) 
source and (F (TiV, tn, N) , +, •, [, J^-jy) target. 



Let ((F,z/,Ar),[,]^ ,(p,7djv)) be a Lie algebroid. 



Locally, for any a,(3 £ l,p, we set [ta,t/)]p = L^j^tj. We easily obtain that L^j^ 



The real local functions ^iPil ^ are called the structure functions. 

• We assume that (F, i/, A^) is a vector bundle with type fibre the real vector space 
(R^, +, •) and structure group a Lie subgroup of (GL (p, M) , •) . We denote (x*, z") 
the canonical local coordinates on {F,i/,N), where iEl,n, a G l,p. 

Consider 

a change of coordinates on {F^i/^N). Then the coordinates change to according 
to the rule: 

(2.1) z"'=A^>. 

• If z°'to, G r {F, v, N) is arbitrary, then 

(2.2) [r {p, Mn) (z'^ta) f] (x) = (piz-§l) (, 

for any / G ^ (N) and x e N. 
The coefficients change to pj^- according to the rule: 

(2.3) oi',= AV — 
where 

l|AS'll = ||A2j|~'. 
The following equalities hold good: 

(2.4) (,.|,)y) = ,.^,V/6^(iV). 

and 

(2.5) . / _ . ^ _ J . M 
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that 



3 Interior Differential Systems 

Let {{F, u, N) ,[,]p , {p, IdN)) be a Lie algebroid. 

Definition 3.1 Any vector subbundle {E,7r,N) of the vector bundle (F, z/, AT) will 
be called interior differential system (IDS) of the Lie algebroid 

i{F,u,N),[,]p,,{p,IdN)). 
Remark 3.1 If {E,7r,M) is an IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)), 
then we obtain a vector subbundle [E*^, tt^, A^) of the dual vector bundle ^F, i/, so 

T{E^,TT^,N)^= !^fleT(j^,u,N^ :fl{S) = 0, V5 € T (F, tt, iV)| . 

The vector subbundle (F^,7r°, A") will be called the annihilator vector subbundle of 
the IDS {E,Tr,N) . 

Proposition 3.1 // {E,it,N) is an IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 

so that r {E,TT, N) = {Si,...,Sr), then it exists Q^^^,...,Qp G r^F,u,N^ linearly 
independent so that 

r{E^,7r^,N) = (e''+\...,GP>. 

Definition 3.2 The IDS {E,Tr,N) of the Lie algebroid {{F,u, N) ,[,]p , [p, Mn)) 
will be called involutive if [S, T]p G T {E, tt, AT) , for any S,T eV {E, tt, AT) . 

Proposition 3.2 // {E, tt, A^) is an IDS of the Lie algebroid {{F, u, N) ,\,]p , {p, ??)) 
and {Si, Sr} is a base of the F {M)-submodule (F (F, vr, A^) , +, •) then {E,7t,N) is 
involutive if and only if [Sa, Sb]p G T [E, tt, N) , for any a, 6 G 1, r. 



4 Exterior differential calculus 

Let {{F, u, N) ,[,]p , {p, Id]\f)) be a Lie algebroid. 

We denote A'^ [F, N) the set of differential forms of degree q. If 

A(F,z/,Ar) = (BA1{F,u,N), 

q>0 

then we obtain the exterior differential algebra (A {F, N) , +, •, A) . 
Definition 4.1 For any z G F (F, v, N), the application 

A{F,u,N) A{F,u,N) , 

defined by 

{f) = [r{p,idN)z] if), 
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for any f E T (iV) and 

L^uj {zi, Zg) = [r (p, IcIn) z] {u {{zi, Zq))) 

-^UJ {{Zl, ...,[Z, Zi]p , Zg)) , 

1=1 

for any a; € A'' (F, v, N) and zi, Zg eF (F, v, N) , is called the covariant Lie derivative 
with respect to the section z. 

Theorem 4.1 If z e F {F,u, N) , u e A* (F, u, N) and 9 e A"" {F, u, N), then 

(4.1) L^{uj AO) = L^uj AO + UJ AL^e. 
Definition 4.2 For any z G F (F, i/, N), the application 

A (F, z/, N) A (F, I/, A^) 

A" (F, jy, A^) 9 w ^ i^w G A^-^ (F, z/, iV) , 

defined by izf = 0, for any j (N) and 

i^UJ {Z2, = UJ {Z, Z2, Zg) , 

for any 2:2, Zg £T (F, z^, A^), is called the interior product associated to the section z. 

Theorem 4.2 If zeT (F, u, N), then for any w G A« (F, u, N) and 6* G A'" (F, z/, AT) 

we obtain 

(4.2) (a; A e") = z^a; A + (-1)^ a; A i^e. 
Theorem 4.3 For any z,v e r(F, z/, A") we obtain 

(4.3) L^oiz-iz°L^ = i[z,v\p- 
Theorem 4.4 The application 

Ai {F,u,N) A5+1 {F,i^,N) 

Lo I — > duj 

defined by 

d^f{z) = r{p,idN){z)f, 

for any z eF (F, v, N) , and 

q 

d^uj{zo,zi,...,Zg) = i-'i-Y {P, IdN) Zi {u {{zo, zi, Zi, Zg))) 

1=0 

+ E {-'^T'^^ i^{{[Zi,Zj]p,Zo,Zl,...,Zi,...,Zj,...,Zg)) , 

i<j 

for any zq, zi, Zg G T (F, v, N) , is unique having the following property: 

(4.4) Lz = d'' oiz + i,o d^, Vz G r (F, z/, AT) . 

This application is called the exterior differentiation operator of the exterior differ- 
ential algebra of the Lie algebroid ((F, z/, A^), [,]f, {p,IdN))- 
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Theorem 4.5 The exterior differentiation operator dF given by the previous theorem 

has the following properties: 

1. For any a; G A« {F, v, N) and 9 e {F, v, N) we obtain 

(4.5) d^ {uj AO) = d^uj A9 + (-1)* oj A d^O. 

2. For any z eT {F, v, N) we obtain 

(4.6) o d^ = d^ o L;,. 

3. d^ od^ = 0. 

Theorem 4.6 (of Maurer-Cartan type) 

// ((F, z/, iV), [, ]f, (p, 7djv)) is a Lie algebroid and d^ 

is the exterior differentiation operator of the exterior differential J-{N)-algebra 
{A(F,i',N),+,-,A), then we obtain the structure equations of Maurer-Cartan type 



{MCi) d^t'' = --L%t^ At\ ael,p 



and 

(MCi) d^x' = pit"", i G T^n, 

where {i",a G is the coframe of the vector bundle (F,iy,N). 

These equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the Lie algebroid {{F, u, N) , [, ]p , (p, Idjy)) . 

Proof. Let a G l,p be arbitrary. Since 

dn^{tfs,t^) = -Li^, v/3,7gt;^ 

it results that 



(1) ^ ^ =- 2.^/37 



/3<7 

Since L^^ = -L^^ and t^ Af^ = - f^ A t^ , for nay ^, 7 G TTp, it results that 



(2) T.L%tPAt^ = \L'l^t^At'^ 

Using the equalities (1) and (2) it results the structure equation [MCi). 
Let i G l,n be arbitrary. Since 

d^x' (t„) = pj., va G t;^ 

it results the structure equation (A^C2). q.e.d. 
Remark 4-1 In the particular case of the standard Lie algebroid 

i{TN,TN,N),[,]TN,iIdTN:IdN)) 
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we obtain 



{MC2)' d^^x' = dx\ z G l,n, 

where {dx*, i € l,n} is the coframe of the vector bundle {TN,tj\[,N). 
As d'^^ o d^-^ = and U^j^ = 0, for all i, j, A; G 1, n we obtain 



{MCiY d™ {dx') = = -^Li^dx^ A dx^ i G M 

This equations are the structure equations of Maurer-Cartan type associated to the 
standard Lie algebroid {{TN,tn,N), [,]tn, {IdrNjIdN}). 

Theorem 4.7 (of Probenius type) Let {E, tt, N) he an IDS of the Lie algebroid 

{{F,u,N),l]j,,{p,IdN)). 

If {e''+i,...,eP} is a base of the F {N)-submodule (F (E^, tt^, iV) , +, •), then the 
IDS {E,7r,N) is involutive if and only if it exists 

n'leA^{F,iy,N), a,l3er + l,p 

so that 

d^e" = ^^eTTT^^n'^^ A a G f + T;^. 

Proof. Let Sr} be a base of the T (A^)-submodule (F (£', vr, N) , +, •) 

Let {S'r+i, Sp} G r (F, v, N) so that {>S'i, Sr, Sr+i, Sp} is a base of the T (N)- 
module 

{T{F,u,N),+,-). 

Lete\...,e'' G r (^F,t,N^ so that {e^, e^ e''+i, 0^} Isabaseofthe J^(A^)- 
module 

(t (^F,*i',N^ ,+,^. 
For any a, 6 G 1, r and a, P E r + l,p, we have the equalities: 

QHSp) = 
e-(5b) = 

We remark that the set of the 2-forms 

|e" A e^ G" A e^, a e'^, a, 6 g i~F a «, /? g r + i,p} 

is a base of the (M)-module (A^ {F, z/, iV) ,+,•). 
Therefore, we have 

(1) d^e° = i:b<cA'^e'' a + S6,^S5",e^ a + s^<^c^^e'^ a e^, 

where, B^^ and C^^, a, 6, c G 1, r, a, ^S, 7 G r + l,p are real local functions so that 
^bc = and C^"^ = -C^"^. 
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Using the formula 

d^e^iSb,Sc) =r{p,idN)Sb{@''{Sc))-r{p,idN)Sci@''{Sb)) 

we obtain that 



(3) Al = -e^{[Sb,S,]p), 

for any b,c £ l,r and a £ r + l,p. 

We admit that {E, tt, N) is an involutive IDS of the Lie algebroid {{F, v, N) ,[-,]p (p, Idiq)) ■ 
As [Sb, Sc]p € r {E, TT, N) , for any b,ceT~r, it results that 9" {[Sb, S^p) = 0, for 

any 6, c G 1, r and a G r + Therefore, for any 6, c G 1, r and a G r + we obtain 

A^^ = and 

As 

put q6 ^ 1 ^ ^1 ^) ^ 

for any a,/? G r + it results the first implication. 
Conversely, we admit that it exists 

G Ai(F,z/,Ar), a,^Gr + l,p 

so that 



(4) d^e" = s^^^i^^ A 

for any a G r + 

Using the affirmations (1) , (2) and (4) we obtain that A^^ = 0, for any 6, c G l,r 

and a G r + 

Using the affirmation (3), we obtain O" ([aS^, S'c]^) = 0, for any 6, c G l,r and 
a G r + 

Therefore, we have [S^, S^p G V {E, tt, AT) , for any 6, c G 1, r. Using the Proposition 
3.2, we obtain the second implication. q.e.d. 



5 Exterior Differential Systems 

Let {{F, u, N) ,[,]p , {p, Mn)) be a Lie algebroid. 

Definition 5.1 Any ideal (T, +,•) of the exterior differential algebra of the Lie 
algebroid {{F,iy,N),[,]p,{p,IdM)) closed under differentiation operator d^ , namely 
d^ I CI, is called differential ideal of the Lie algebroid {{F, u, N) ,[,]p , {p, Idu)) ■ 

Definition 5.2 Let (X, +, ■) be a differential ideal of the Lie algebroid 

{{F,u,N),[,]p,{p,IdM)). 

If it exists an IDS {E, tt, N) so that for all k £W and cj G X n A^ (F, N) wc have 
oj {ui, ...,Uk) = 0, for any ui,...,ui^ G F (£', vr, A^) , then we will say that (X, +,•) is an 
exterior differential system (EDS) of the Lie algebroid ((F, v, N) ,[,]p , {p, IdN)) ■ 
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Theorem 5.1 (of Cartan type) The IDS {E,Tr,N) of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 

is involutive, if and only if the ideal generated by the T {N)-submodule (T (^E^, tt^, > +> ') 
is an EDS of the Lie algebroid {{F, u, N) , [, , (p, Idj\f)) . 

Proof. Let {E, tt, N) be an involutive IDS of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)). 

Let {e'^+\ e^} be a base of the T (Ar)-submodule (r {E^, 7r°, N) ,+,•). 
We know that 

X(r(EO,7rO,iV)) =U,6N{^^a AG", {nr+l,:;^p} cAi{F,i^,N)}. 

Let g G N and {i^r+i, ^p} C A"? (F, i/, N) be arbitrary. 
Using the Theorems 4-5 and .^.7 we obtain 

= (d^J]a + (-lf^^% AO^) AG". 

As 

d^n^ + (-1)^+^ A of G A«+2 {F, u, N) 

it results that 

d^ (O^AG^) GX(r(£;0,7rO,Ar)) 

Th6r6for6 

d^X (r (£;0, ttO, AT)) C X (r 7r°, AT)) . 

Conversely, let vr, A) be an IDS of the Lie algebroid {{F^v, N) ,[,]p , {p, Idj\[)) 
so that the 7" (A)-submodule (X (L 7r°, A)) , +, •) is an EDS of the Lie algebroid 
{{F,u,N),[,]p,ip,IdN)). 

Let (G'^+S GP} be a base of the (Ar)-submodule (r [E^, 7r°, AT) ,+,•). As 

d^X(r {E',n^,N)) CX(r (F°,7rO,A)) 

it results that it exists 

G Ai(F,z/,A), a,Per + l,p 

so that 

d^G" = S^eTO^^^ A G^ G X (r (^0, TfO, A)) . 
Using the Theorem ^.7 there results that {E,Tr,N) is an involutive IDS. q.e.d. 
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